Government College of Engineering Keonjhar

LECTURE NOTES

MATHS-1I
VECTOR CALCULUS

Module - 1V (10 Hours)

Syllabus: Vector integral calculus: Line Integrals, Green Theorem, Surface
integrals, Volume integral, Gauss theorem and Stokes Theorem.

LINE INTEGRL :

Single integral as a function defined on a segment of a curve is called Line integral. Line
integral of vector vector field F along some curve C can be written as

fﬁ. dr = f Fidx + F,dy + F3dz
Cc C

Where, F = F4i + F,j + Fzk and d7 = dxi + dyj + dzk

Evaluate
j yidx — x*dy
c

C: straight line segment from (0,0) to (1, 1).
Given integral  [.y*dx — x*dy

C: straight line segment from (0,0) to (1,1)

y—0 x—O_t
1-0 1-0
y:x:t

=>dy=dx =dt

tvaryfromt=0tot=1

fyzdx—xzdy:ftzdt—ftzdt
c c c
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Conservative Field

Definition: A vector field F defined in some region is called conservative if
f F.dr = f F.dr
Cq C,

whenever €, and C, are any two simple curves in the region with the same initial and
terminal points.

Note: 1) A vector field F is conservative (irrotational) if and only if [ F.d¥ =0 1for

every simple closed curve in the region where F is defined.

2) If F is conservative, then F is necessarily gradient of some scalar function.

3) If a vector field F is defined in a simply-connected region in the xy-plane and V x F =
0 throughout that region, then F is conservative.

Example

Show that F = (2xy + z3)i + x%j + 3xz%k  is conservative force field. Find scalar
potential ¢ of F.

Soln.: IfCurl F =0
VxF=0

Then F is called conservative field (irrotational vector).

i j k
CurlF =V X F = a E E
2xy +z3 x* 3xz®

= (0 — 0) — j(32% — 32%) + k(2x — 2x)
=0
Thus, F is called conservative force field.
Soln. : If F is conservative, then F is necessarily gradient of some scalar function. Thus,

F=v¢
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(2xy + z3)i + x%j 4+ 3xz’k = F = ax +]0y + k=

¢

. =2xy+2z3=> ¢ =x*y+x2°+ f1(y,2)

%%

L=x> =22y + fr(x2)

% =3xz? = ¢ = x23 + f3(x,y)

All equations are same
Hence
f1(y.2) =0
f2(x,z) = xz3
f3(x,y) = x%y
Hence, ¢ = x%y + xz3 Ans.
Area

1. In calculus of a single variable y = f(x) the definite integral

x=b

f(x)dx

x=a
for f(x) > 0 is area under the curve fromx = atox = b.

2. In calculus of a two variable the definite integral z = f(x,y)
|| rx.yraxdy
S

a) If f(x,y)=1,then

Area = f dxdy

b) If f(x,y) > 0, the definite integral is equal to the volume under the surface

z = f(x,y) and above x y-plane for x and y in the region R

Area using line integral

Let C be simply connected smooth curve with anti clockwise direction in the plane R

1
Area = —<f xdy — ydx)
2\Jc
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dox ady

Using green’s theorem, JoF1(x,y)dx + Fa(x, y)dy = [[, ( ) dxdy

Fi=-y,F;=x
jxdy—ydx= Zﬂ dxdy = Area
c
S

This integral is usually evaluated with help of parametric form.

SURFACE INTEGRALS
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GREEN’S THEOREM

Green’s Theorem is relation between line integral and surface integral in xy -plane
only.

If R is closed region in the xy- plane bounded by simple closed curve C (traversed in
anti clockwise) and if F;(x,y) and F,(x,y) are continuous function having continuous
partial derivatives in the region R, then

apz oF,

.fFl(x y)dx + Fy(x,y)dy = ff __W) dxdy
c

Note: F = F4(x,y)i + F,(x,y)j and d7 = dxi + dyj, Then

F.d7 = F1(x,y)dx + Fo(x,y)dy

Question 1

Using Green’s theorem, Evaluate [ x*ydx + y*dy where C is closed path formed by
y=xandy=x3 from (0,0) to (1,1).

Soln. :

6F2 aF,

CfFl(x ,y)dx + F,(x,y)dy = ff __W) dxdy

STEP I: Compare  [.F1(x,y)dx + F2(x,y)dy with [ x*ydx +y’dy

Fi(x,y) = xzy and Fy(x,y) = y3
STEP II:
0F1 2 an
— = X~ —_— =
ady dx
Soln. : STEP I11: Substitute partial derivatives z—F; = x?, aasz =0
6F2 aF,
[ FiGeyiax + paeyray = | (G2-52) axay
c

fxzydx + y3dy = ff (0 — x%)dxdy
R
c

Vector Calculus Module 111 Dr. Atul Kumar Ray



13

= f f —x?dxdy
R

R is region bounded by y = x and y = x3
fxzydx +y3dy = ﬂ —x%*dxdy
R
C

STEP IV: Find limit of y in terms of x from given Curves

R is region bounded by y = x and y = x3

Figure

Limitof yisfromy=x3toy = x

STEP V: Find limit of x using given Curves
y = x and y = x3 intersect at

3

X=X

x(1-x*)=0=>x=0, x=1

So, Limitof x is from x =0, to x =1

STEP VI: Substitute limit in surface integral

fxzydx +y3dy = ff —x2dxdy
R
c

x=1 ,ry=x x=1
= f f —x?dxdy = f —x%dx [y]%s
x=0 x=0

y=x3
x=1 4 6\ 1
xr x
=j —xz(x—x3)dx=—<———>
o 1 6)
_11_2-3_ 1
“6 4 12 12 ™

Question 2

Using Green’s theorem, Evaluate [ (1 + xy*)dx — x*ydy where C consist of arc of
parabolay = x? from (-1,1) to (1,1).

Soln. :

d0F, OF
| P yax+ Ry = || (52-52) dudy
C R
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STEP I: Compare Fi(x,y)dx + Fy(x,y)dy with [ (1 + xy?*)dx — x*ydy
c c

Fi(x,y) = (1 + xy?) and  Fy(x,y) = —x%y
STEP II:
oF: _, oF, __,
y Y, ax

Soln. : STEP IlI: Substitute partial derivatives 1—21 = 2xy, % = —2xy

jF( Ydx + Fp(x,y)d —U(GFZ aFl)dd
J 1@ dx+ F(xy)dy = || (G2-5) dxdy

j x’ydx + y3dy = ff (—2xy — 2xy)dxdy
R

= j J —4xydxdy
R

C consist of arc of parabola y = x* from (—1,1) to (1,1).
f(l + xy?)dx = x*ydy = ff —4xydxdy
R
C

STEP 1V: Find limit of y in terms of x from given Curves
R is region bounded by y =x?* andy = 1
STEP V: Find limit of x using given Curves

y = x? and y = 1 intersect at
(-1,1) y=1 (1,1)

1 = x?2
x=-1,1

So, Limitof xis fromx=-1 to x=1

Limitof yisfromy=x3toy = x

STEP VI: Substitute limit in surface integral

f(l + xy?)dx — x*ydy = ff —4xydxdy
R
c
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= y=x
x=1 211
= —4f xdx [—
x=0 2 x2
x=1 2 6
X x
=—2f x(1-xHdx =-2|—-—| =0
_ 2 6],

STOKE’S THEOREM

Stoke’s Theorem is relation between line integral and surface integral.

If F is any continuous differentiable vector function and S is surface bounded by a
curve C then,

fﬁ.d?=ﬂ€url? .nds
; R

jﬁ.ﬁ:ﬂ(vﬁ).ﬁds
C R

1. The Green’s theorem is known as Stokes Theorem in a plane.
dF3 OF oF

2. fCFl(x!y)dx + Fz(X,y)dy + F3(x, y)dy = ffR [(a—; — a—ZZ) dydz + (a_zl —

% dF, _ aﬂ

6x) dxdz + (ﬁ 6y) dxdy]

IMPORTANT NOTES
1) For acircle x% +y? =r?
Polar coordinates are x =rcosO, y =rsinf dxdy = rdrd@

Limit of r vary from 0 to r. Limit of @ vary from 0 to 2w (Depends on problem)
2) For asphere x> +y?+ 2% =1r?
Polar coordinates are

X = rsingcos0, y = rsingsinf, z =rsing, dxdy = r’sin¢pdrdo
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Limit of ¢ varyfromOtom

3) Foraparabola y=x?

Parametric formare x = t, y = t?, dx = dt, dy = 2tdt
4) ForaCylinder x*+y?=7r%, z=a

cylindrical form is x=rcosfd, y=rsinf , z=1z
5) If the projection of surface S in xy plane then7i = k
Thus, ds = dxdy

6) Let S is the surface of shape ¢ , then normal vector

n=gradgo
. gradg
n-=

|gradg|

Question 1

Using Stoke’s theorem, Evaluate c F.d¥ where F = y%i+ xyj+xzk, and C

isbounding curve of hemisphere x* + y*+2z* =9, z > 0 oriented in a positive
direction.

Soln. : J F.d7 = [[,(VxF) .fds
STEP I: Find F
F = y2i + xyj + xzk

STEP Il: Obtain V x F

i j K
C‘urli'>=_|7>><77>=i 9 i:—zj—yﬁ

dx dy o0z

y: xy =xz

STEP IIl: Find n
Let shape ¢ = x% + y? + z2 — r?

gradeg = V¢ = 2xi + 2yj + 2zk
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_ grad¢  2xi+2yj+2zk 2xi+2yj+2zk
n= = =

lgrade|  [a(xZ+y2 +22) 2.3
_ xi+yj+zk
n=———_—
3
R __dxdy _ dxdy _ , dxdy
STEP IV: Find ds ds =1 = ety - 3%
3

STEP V: Substitute 7 x F , n anddsin

fﬁ.d?zﬂ(Vxﬁ) Aids
C R

oy [xi+yj+zk\ _dxdy
=ff(—z]—yk).< 3 )3
R

V4

- [[coy=yar. 2= =2 || yaxay

ff').d?z —foydxdy
C R

STEP VI: Take projection in xy-plane and find limit of x and y

Projection of given Surface S x? + y? + z% = 9 in xy-plane (z = 0) is
x2+y2+=9

Put x=r1rcos0, y=rsind dxdy = rdrd@

Limit of r vary from 0 to 3. Limit of 0 vary from0to 2n

STEP VII: Apply limit of r and 0

j F.di = -2 f j ydxdy = —2 rsind. rdrd0
R

=-—18 sinfdeo

—

6=0

= —18[—c0s0]3" = 0 Ans.

17
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Verify Stoke’s theorem for the function F = y%i + xyj integrated along the square

whose sidesarex=0,y=0, x=a, y = aintheplanez = 0.

Soln. :According to Stokes theorem

fﬁ.ﬁ:ﬂ(vﬁ).ﬁds
C R

R.H.S-STEP I:
F = y2i + xyj

STEP Il: Obtain V x F

i j k
- - - | o o - -
CurlF=VxF=|— — —|=@-2y)k=-yk
ur ax 3y 9z (y—2y) y
y2 xy 0
fﬁ.d?zﬂ(VxF) fids
C R

VxF=—yk

STEP III: Find n

Since the square is in xy — plane
Hence, i = k

STEP IV: Find ds

=dxdy = ds=dxdy

fﬁ.d?:U(Vxﬁ) Ads
C R

STEP V- Limitof xand y
x=0tox=aandy=0toy=a

R.H.S

[(VXF) .ads=["_ fya=0 —yk. kdxdy
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a a a yz a az a
=~ | | yaxay=- ”?L"“‘?["]o:‘?
=0y=0 x=0

X

a3

HR(VxF) Ads = -—

L.H.S.

[ ,F.d¥# = [, F.di + [, F.dr
+J. F.di + [, F.dr

STEP I- F = y%i + xyj
dr = dxi + dyj
F.d7 = (y%i + xyj). (dxi + dyj) = y2dx + xydy
F.d7 = y*dx + xydy

Along C;
y=0= dy=0

jﬁ. dr = jyzdx+ xydy
C1 ¢

a

=jO.dx+x.0.0 =0
0

Ji’.d?=o

C1

Along C,

x=a= dx=0
Limitofyisfromy=0toy=a

Jﬁ. dr = jyzdx+ xydy
C2 C2

- 212 43
= fy2.0+a.ydy =fa.ydy a.l}L] =—
2 2
C2 0 0
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fﬁ i
.dr = >
(&)

Along Cx

y=a= dy=0

Limitof xisfromx=atox=0

ff. dr = fyzdx + xydy
Cs Cs

0
= faz.dx+xy.0 =a2fdx=a2(0—a):_a3
C3 a

ff'). dr = —a®
C3
Along C,
x=0=>dx=0
ff.d?z fyzdx+xydy
Cy Cy
0
=Jy2.0+0.ydy= 0
a
JF. dr =0
Cy
L.H.S.

fﬁ.d?z fﬁ.d?+f?.d?+fﬁ.d?+fﬁ.d?
Cq Cy C3 Cy
3

=0+=——a%+0
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3
— — a
fF. dr = ff (VX F) .fids = - Hence Verified.
R
C

DIVERGENCE THEOREM

Divergence Theorem is relation between surface integral and volume integral.

If F is any continuous differentiable vector function in region V bounded by a closed

surface S then,
ffﬁ .ﬁds=ﬂ divF dV
R

ffRF .ﬁds=fﬂ(|7.?)dv

1. If Fis solenoidal then ffRf fids=0.

2. [[iF1(x,y)dydz + F,(x,y)dxdz + F5(x,y)dxdy = [[f (%+%+%) dv

Question 1

Using Divergence theorem theorem, EvaluateffRf .dS where F = 4xi — 2y%j + z%k,

and S is surface bounding region x* + y* =4,z=0,z=3.
Soln. : [[F .dS= [[f(v.F)dv

STEPI: Find F

STEP II: Obtain V. F

div F=V.F =

04x 092y* 0z*
——+ +

—4—4y+2
ax " ay oz y+az

STEP I11: Substitute V.F = 4 — 4y + 2z in Divergence theorem
ﬂ? dS = M(V.ﬁ)dv
R 4
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_ fvf f (4 - 4y + 22)dxdydz

STEP 1V: Find range of z from region.

Limit of zisfrom 0 to 3

z=3
ﬂf’ .dS = ﬂ f (4 — 4y + 2z)dxdydz
R R JVz=0

= ﬂ (4z — 4yz + z*)3dxdydz
R

= [[p(21 - 12y)dxdy
STEP V: Find limit of x and y

Surface S : x2 + y% = 4 which is circle, so polar coordinates

x =1c0s0, y = rsinf dxdy = rdrd@
STEP VI : Substitute limit

x =1c0s0, y =rsinf dxdy = rdrd@

Limit of r vary from 0 to 2. Limit of 6 vary from 0 to 21

[ F .dS = [, 2" [-2(21 —12rsing).rdrde

__ r6=2rm

1'2 3 - 2
= Jo—o (21?—41‘ sme)o do

__ ro=2m

= Joo (42 — 32sin0)do

= (420 — 32c0s0)3"
= (42 x 2w —32(0 —0)) = 84m
Question 2

Using Divergence theorem theorem, EvaluateffRf .dS where F = xi — yj + (22 — 1k,
and S is surface bounding region x> + y? =4,z=0,z=3.

JI.F .dS = [[[,(v.F)av

Soln. STEP I: Find F

Vector Calculus Module 111 Dr. Atul Kumar Ray



F=xi—yj+ (22— 1k

STEP Il: Obtain V. F

div F=v.F =21, 22, 9
sV T ox dy 0z
_ax a(-y) 0 -1) B
_a+ ay + 9z =1-1+2z=2z

STEP I1: Substitute V.F = 2z in Divergence theorem

ﬂf.d?:ﬂ (v.F)dv
= jﬂ(Zz)dxdydz

STEP 1V: Find range of z from given region.

Limitof zisfromOto 1

f fR F .dS = f fR f :1(Zz)dxdydz
([ () xa
- [[,(5) e

= ﬂ dxdy = Area of Surface
R

Surface is circle x* + y* = 4, Area of the surface = mr?

ffl_f .dfszdxdyznzz = 4m Ans.
R R

e There will be separate question set for Assignments and Practice.
e All these questions are also explained in following YouTube Link

23

https://www.youtube.com/channel/UCYg9RXUThL1fdOhk1KdFsZQ?view as=subscribe

r
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